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Abstract 


A simplified theoretical model for the interpretation of the doublet- 
exposure holographic interference fringe loci due to the general three- 
dimensional displacements has been derived for the specific composite mobile 
holographic non-destructive test (CMHNDT) system* The model, representing a 
good approximation to a more tedious theoretical result, predicts that a 
combination of in-plane and out-of-plane displacements of the surface will pro- 
duce concentric circular-shaped fringe patterns with locations of their center 
affected by the displacements. 

Appropriate experiments- have been designed and carried out for the test 
of the validity of the theory. These experiments include the taking of double- 
exposure holograms of in-plane translations and combined in-plane and out-of- 
plane translations. Except for a few minor discrepancies, the simplified 
model agreed quite well with the experimental results. 

In addition, experimentally observed effects due to the curvature of 
the test plate and the variations of the angles of incidence of the laser 
light suggest that in order for the simplified model to be able to predict the 
test results more accurately, incidence and reflection of the laser light should 
be chosen as nearly perpendicular to the surface of the tested object as possible. 
This point is especially important when the surface of the object is not flat. 

Finally, the findings suggest that a calibration plate should be incorporated 
into the system for a more accurate quantitative assessment of the displacements 
on the surface of the object under test. 
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I. 


INTRODUCTION 


Since the first proposal of the technique of wavefront reconstruction by 

1 2 
Gabor in 1947, holographic interferometry with the assistance of the laser 

3*~18 

has come a long way both in theory and in its applications . However, as 

19 

it was discussed in a previous report , a quantitative evaluation of the 

interference fringes is difficult to perform practically. In addition, 

any quantitative analysis is usually system dependent, i,e,, the analysis is 

dependent on the path length of the reference and object light beams, the 

angles between these beams and the normal direction of the object surface, the 

location of the point of observation, etc. Consequently, each system needs 

individual treatment with regard to the aspect of fringe evaluations .i 

The system studied in this contract is called a composite mobile holographic 

20 

nondestructive test (CMHNDT) system invented by R. L, Kurtz , The main approach 

of the study was to experimentally calibrate the optical CMHNDT system by a 

mechanical system which consists of ultra'-accurate micrometers monitored by 

Michelson interferometers, A simplified, quantitative theoretical model based 

21 

on the work of N, L, Hecht, ^ al , has been derived and the comparison of this 
model with the experimental results based on test samples with flat surfaces has 
been completed, Objects with curve surfaces of a variety of curvatures have 
also been used to determine qualitatively, the degree of the validity of the 
model in the case of a more general object under test. 

Section II of the report will be a derivation of the theoretical model for 
the fringe interpretation. The experimental set-up and results are given in 
Sac, III, Discussions and a comparison of the simplified theory and the 
experiments will be contained in Sec, IV; and finally, Sec. V will provide the 
conclusions , 
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II. THEORETICAL MODEL 

A. Derivation of the Model for Simple Translations 

The CMHNDT system which this study investigates is illustrated by the 
block diagram shown in Fig, 1, The object in the diagram is mounted on an ultras- 
accurate micrometer-controlled translation stage with 2.54 ym/step movement. 

For the purpose of analyzing the interference fringes in the system, double ex- 
posure holograms are made with a displacement, describev' by the vector JD, of the 
object between the two exposures. The fringe contrast between any two points 
on the object is produced by the path length difference, 6AL, resulting 
from the object displacement at these two points. A more detailed description 
and a theoretical derivation of the model for the system is provided 
below. 

In Fig. 2, it is assumed that the front surface of the object coincides with 

A A 

the x-y plane of the Cartesian coordinate system and i, j, and k are the unit 
vectors along the x-, y- and z-dir action respectively. The vector S represents 
the distance from the laser source to the origin which is located on the test 
plate and H, the distance from that origin to the observation point on the 

-V K 

hologram. For the sake of simplicity, S and H are assumed to be co-planar with 
the x-z plane. The angles 0^ and 6 are made by S and H with the x-axis 

b ri 

respectively. Point 1^ is displaced from its original position point 1 with a 
displacement vector D, The vectors t and R are distances from the origin to 

J. -A. — 4 

point 1 and point 1’ respectively, S^, and H^ are distances from the 

laser source to point 1 and point 1' and from these two points to the observa- 
tion point at the hologram. 

From the above description, the relationship among the vectors can be 


written as 








HOLOGRAM 

PLANE 


Figure 2. Vector diagram for the CHHMDT system vnth 
the front surface of the flat object 
coinciding with the x-y plane. 
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s = s, + t 


H = H + t 
1 


S 2 + R , 


H, + R , 


( 1 ) 

( 2 ) 


and 


R = D + t , 


t = xi + yj . 


(3) 


(4) 


Furthermore, the normalized distances S/S and H/H may be written as 


and 


S/S = - cos 0 i + sin 6 k , 
b S 


H/H “ cos 6 i -f sin 9 k , 

il H 


(5) 


( 6 ) 


With these notations, the path length difference AL of the light due 
to the displaceicent D from point 1 to point 1’, may be defined as 


4L = - Si + H2 - Hi , (7) 

From Eqs, (1) and (2), it can be shown that 

Si . di . 

= [(s - i) . (s - 1)]--/^ 

= [S^ - 2(t • s) + 

= Sll - 2(t • S)/S^ + t^/S^]^'^^ . (8) 


Similarly, 
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$2 = [(S - R) • (S - 
= [S^ - 2(R • S) + 

= [S'- - 2(t • S) - 2(1) • S) + + 2(t • D) + , (9) 


where R was replaced by D + t based on Eq. (3) , 

o 0 0 

Generally, | 2(t • S)/S - t /S | « 1, (this condition is normally true or 
can be made valid for the system), then from the binomial expansion of Eq, (8), 
including up to the second order terms, 

= S{1 -(l/|[2(t • S)/S^ - t^/S^j 


-(l/^l2(t • S)/S^ - t^/S^3^> , 


( 10 ) 


or, 


S - (t • S)/S + t^/2S - (l/8S^)[2(t • S) - t^]^ . 


( 11 ) 


, 2(t • S) 2(D • S) t^ 2(t *5)1 _ , 

Similarly, under the condition 7i n o o 5 I 

S S S S 


2 ^2 




2 2 
S S 


2 „2 




2 2 


( 12 ) 


From Eqs. (11) and (12), 


q q ~ t • D , _ D * I 

^"2 " 1 “ S 2S S 


+ {[2(t • S) - t^J^ - [2(t • S) + 2(D • S) 

8S 


- t^ - - 2(t • D)j^} , 
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+ [4(t • S) + 2(D • S) - 2t^ - - 2(t • D)]x 

8S-^ 

[-2(D • S) + + 2(t • D]} , (13) 


where the first { } in Eq, (13) contains the first order terms and the 
second { } contains the second order terms in the approximation. 
Analogous to the above approach and from Eqs. (2) and (3), 


9 9 ^ -V 9 

= H - 2(t • H) + t , 

H 2 = - 2(t • H) - 2(D • H) + 

+ 2(t • D) + , 

The difference ~ including the second order approximation, may be 
written as 




+ [4(t • H) + 2(D • H) - 2t^ ^ - 2(t • D)]x 


I-2(D • H) + D + 2(t • D)]} 


(14) 


The total optical path length difference AL between 1 and 1^ with second 


order approximation can be written as 


8 


AL = S2 - Si + Hz - Hi 


{(| + i)(t-D +|-) _ D . (| + |)} 




2 

+ ^’^[2(t«s) + (D-S) - (D*t) - - — ] X [-(D*S) + (D*t) + ^ 


+ \ l2(t*R) + (D-H) (D.t) - t^- - X [(-D*H) + (D«t) + |-3 } 

H-^ 2 2 


It is convenient to define the first order term in Eq. (15) as 
the second order term as (AL)z and write 


AL == (AL)i + (AL)z , 


where 


(AL) 1 = • D + ^) - D • + ^) j 


and 




(AL) = [2(fS) + (D-S) 


2S 


2 0 
-‘J' 971 J.JI n 

(D*t) r- t - Y"] X [(D*S) - (D-t) - Y 


2H' 


^ 2 2 
3 l2(trH) + (D-H) - (D-t) - t^ - |-J X [(D-H) ^ (D-t) - |- 


^Then D = D^ i + D^ j + D^ k is substituted into Eq, (17), 




[(cos 0 - COS 0 ) D + (sin 0,, + sin 0_) D ] , 

ri b X H S z 


J 

, (15) 

(AL)i and 

(16) 

(17) 

■ ] 

•] , (18) 


( 19 ) 


The fringe contrast due to the displacement D between point 1 and the 
origin as one views through the double-exposure hologram is caused by the 
difference between the path length differences (or phase differences), 6(AL), 
at point 1 and at the origin. The mathematical expression 6 (AL^) , where the 
subscript 1 denotes the first order term, may be defined as 


6(4Lj) . . 


Applying Eq, (19), one finds 


«(ALp - (| + |) (i + |) D^y 


= Ax + By 


where 


°x ’ 




At the moment, if all the higher order terms are neglected, one may relate 
6(AL^) to the fringes as follows 


d (AL^) = Ax + By 


= (2n - l)A/2 , 


where n is an ordinal number indicating the fringe order at (x,y) with respect 


to the origin, and X is the wavelength of the laser. 
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The physical meaning of Eq, (24) may be classified by the following 
three points: 

(1) If - 0, the fringes on the surface of the object are parallel 
to the x-axis with a separation of X/2B between any two neighboring fringes; 
if = Oj the fringes are perpendicular to the x-axis with a separation of 
X/2A between any two neighboring fringes. If both and are not zero, then 
slanting fringes will appear, 

(2) A/2A decreases as D increases and A/2B decreases as D increases, 

X y 

therefore the fringe spacing is denser when the magnitude of the displacement 
is larger. 

(3) The first order approximation is not capable of predicting the effect 

of D ^0. Therefore, the theory is only good for the case that D - 0. 
z z 

Points (1) and (2) above can better be illustrated by Pig, 3(a) and (b) . 

In order to see the effect of ^ 0, it is necessary to consider the 
second order terms, Following the definition given by Eq, (20) and from Eq, (18), 
it can be shown (see Appendix A) that 


b H 


t)t^ 


+ 4 [£ 


,S ^ H . 1 A ^ 1 2 

S H S H 


I (\ + \) (D • t) ^ + [ (^ + \) . t] (D • t) } 


2 ^ 2 ^ 
rr/l 7^ /S .hv-, D >S H . ^ 

- {f(^3 + ^3^ 2 " ^ ‘ " 2 *^g3 ^3^ ‘ ^ 




+ ~ (s • D) (S • t) + (H • D) (H • t) } 
S H 


( 25 ) 



(b) 


4(S+H) 2(S+H) 


Figure 3- Relationship between displacemen 
Dy and fringe location (x,y) wl 
first order approximation, (a) c. 
(D.=0, Dyj^O), (Dj^r^O.D =0), and (l 
(b) X/2A (or X/2B) versus (or 
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when D = D^i + + D^k and t = x 1 + y j are substituted into Eq, (25) , 

which represents the second order part of the difference of the path length 
differences. After this result is combined with the first order terms given by 
Eq. (21), the fringe loci, including second order approximation , are obtained as 
follows: 


6(AL^^P = 6(AL^) + ^(ALp 


= - f (-^3 + -^ 3 ) (D X + D y) (x^ + y^) 
^ gJ X y 


^ -COS0 COS0 sin0 sin0 

+ {i ID„( + D_ (~^ + ~J) 


• 2 -x^ 32 


H 




H 


f (\ + ^)(D 2 + D 2 ^ 2^^ ^^2 ^ y.2^ 

S ^ y z 


b H 


-COS0- COS0 

+ x( ^ (D X + D y) } 

S H y 


1 9 9 9 1 1 *“COS0 COS0 

- ^2 (D^ -f Dy + ) (^ + 3) - + ^)HD 3 + D y) 

b J1 bn 


1009 -COS0 COS0 

S H 


+ -g [- COS 0gD^ + Sin QgD^.^ 0g x 


i [cos 0gD^ + Sin 0j^D^] COS 0^^ x + (A + A) + D y) 


(n - i) X . 


(26) 
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Equation (26) is a general expression for the effect up to a second order 

-X. ^ ^ ^ 

approximation of the translation-type displacement D=D i+D i+D kon 

X y z 

the fringes in the CMHNDT system. The expression looks quite complicated, 
therefore, its physical meaning is not obvious without further manipulations. 
The approach, which will be adopted, is to first simplify the expression by 
defining some new symbols and then consider the possible special cases that may 
be tested by the experiments. One may let 


p rz 4- 

1 “ 3 3 ’ 


(27) 


-cos cos 0, 




^4 " 


^2 


S 

H 

sin 0 

S ^ ®H 

2 

+ 2 ’ 

S 

H 

2 

n 2 „ 

cos 

0 cos 0 


H 


(28) 


(29) 


(30) 


^5 ^ 


sin 0^ cos 0„ sin 0„ cos 0„ 

S S H H 

S H 


(31) 


Substituting Eqs . (27)-(31) into Eq. (26), one obtains 
<S(4Li^2) ~ ~ ^ 

+ 1 '’3”z - i 

- P- (D X + D y) ^ - P„(D X + D y)x 

21x y' 2 x y-^ 

- liv' -''2”x- (| + i>!(D,x + D^y) 

+ i - P^D^x + PjD^X . (n - i) X , 


(32) 
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The three special cases that can be tested by experiment are (i) = 0, 

J) ^ 0; (ii) D = 0, D 0, and D ^ 0; and (iii) D = 0, D 0, and D ^ 0. 

These cases are discussed separately below and appropriate approximations will 

be made later before the theory is compared to the experiment. 

Case (i) , When D_ = D = 0, D_ 0 is substituted into Eq. (32), 

" ' X y z 

S(4L^_2> - i 

+ (i d/Pj + PjD^)x 


= (n - i) X . 


(33) 


Or alternatively, Eq. (33) may be written as 


(x^ + y^) + Bj^x = (n - ^ j 


(34) 


where 


- sin e 

± D ( i 

2 ''z ^ .2 


^ 1 „ 2 A . i., 

) - 2 <33 „ 3 > • 


(35) 


D -cos 0 cos 0 sin 0_ cos 0„ sin 0, cos 0 

h ■ -f- “2 (— ^ Ti 


at 


Equation (34) signifies that the loci of the circular fringes are centered 
B 

(- * 2 ^ > Q) with the n^^ radius having a value 


R 

n 



( 37 ) 
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Furthermore, if 0 = 0 = , then Eqs, (35) and (36) become 

b n 


. _ 1 _ / I , 1 V . Q 12 /I. , .3- N 

Ai - 2 ( 2 + 2 ^ sin 0 - 2 (3 + 3 ) » 

bn bn 


(38) 


b H 


(39) 


In addition, if one lets S = H = T, Eqs. (38) and (39) become 


^1 = 


D sin 0 D 
z z 


(40) 


= 0 


(41) 


and the fringe circles have their center at ( 0 , 0 ) with radii 


= in- 1 / 2 ) A/A^ . 


(42) 


The result shown in Eq, (42) indicates that when n is large, the radii 

proportionally approach those of a Fresnel zone plate. In general, the loci 

of the fringes for D ^0 and D = D =0 can be illustrated by Fig. 4 with A- 
^ z X y j 2 . 

and given either by the pair Eqs, (35) and (36), Eqs. (38) and (39), or 
Eqs. (40) and (41) depending on the conditions under which each case occurs. 

Case (ii) . When D =/ 0, D =0, and D / 0 are substituted into Eq. (32), 
— - X ' * y ’ z 7 

it becomes 

- I A + tF2”x + i ='"> 


+ 1 a' + ''2 " - 


(43) 
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Rearranging terms, we have 

y - ± (i - i [PjD^ + P 3 D^ - | P^®/ + l>^h - (| P^p/ + P^D^)] 


'I ^2 - * s’®*'* 


+ (n - i) [P^D^ + P3D^ - i P3®^2 ^ 1/2 _ 


Equation (44) indicates that for any given (D , 0, D ), a relationship 

X z 

between y and z can be computed and the loci of the fringes can then be deter- 
mined . 

Case (iii) . When D = 0, D 0, and D 0 are substituted into 

i iL. ^ 9 y f 9 2 ' 

Eq. (32), it becomes 

- I flPyP>=^ - I + I [Fa®, - i ?! ffy' + P/» 

^ I "3^ - i ''l»“y^ + p/) J - PjPyPX -Mf + 5) DyP 

- I V ‘“y^ * ^2 + ''s^’ * 

- (n - j) X = 0 . (45) 


Rearranging the terms in Eq, (45); 

[flV - + i ”1 «y^ * + [''2V “ i ‘”y^ ■" ^2 - >= 

+ 1 - ‘''3®x - T ^ + 4 + S> V 

+ Pt (D ^ + D ^) D y - (2n - 1) X} = 0 . 

1 y z Y ^ 


( 46 ) 
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If one lets 


Hy) = -I IFiD y - + i P^(D 2 + d^2>] , 


(47) 


- ' 'aV ' ^ ’'2 - ■’s”. ’ 


(48) 


O(n.y) = I - [PjD^ - i <3Dy2 + d/)] y^ + (-I + |) V 

+ Pi(D ^ + D^^) D y + (2n - 1) X} , (49) 


then Eq.v (46) may be rewritten as 


A(y)x + B(y)x + C(n,y) = 0 


(50) 


The solution of the above quardratic equation gives 


X 


- -B(y) ± a/ B^( y) - 4A(y)C(n,y) 
2A(y) 


(51) 


Theoretically, for a given set of (0, D^, D^) and n, due to the ± signs in 
Eq, (51) a pair of points (x,y) may be found. The collection of these points will 
enable one to graphically express the loci of the interference fringes. 

Apparently, all these equations are too complicated to compute and simpli- 
fications by appropriate approximations are highly desirable, or even necessary, 
to make the model practical. This will be done below, 

B. An Approximate Model for Simple Translations 

Under certain conditions, the model given by Eq, (32) can be directly 
simplified to a state which will more clearly reveal physical meanings than 
the original model. 
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- sin 0„ sin 8„ 

a,= 4d_( ^ + , 


^2~ 2 g2 


( 54 ) 


H 


sin 0 cos 0„ sin 0 cos 0„ - ^ 

«2 -= ”z<— T ^ T * \<1 * ¥ > 


(55) 


and 




(56) 


When Eqs, (54), (55) and (56) are substituted into Eq. (53), it becomes 


(x^ + y^) + BpX + 027 = (n - y) X , 


(57) 


or 


0. + f=2 + i + 

2 2 4A^ 


- t) 


(58) 


The above equation indicates that the fringe loci form concentric circles 
with center located at (x^, y^) where 
•~B 

»s '’s 


sin 6 sin 0 
[D ( ^ + ^)] 


^ s2 


H 


(59) 


and 


-C, 


Vr = 


C 2A„ 


D . . sin 0„ sin 0„ 

= _ _Z (1 + i) /( S H 

D ''S W' ^ ^2 „2 

Z b il 


■) 


(60) 


The radius of the locus of the n fringe may be written as 


\ ■ <ls7>t'2 + 


i) 


(61) 
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From Eq. (60), for any given value of D , y„ is proportional to D and 

z y 

7 p = 0 if D =0. In addition, the radius R given by Eq. (61) shows that 

^ y n 

for large values of n, is proportional to / n , a feature shared by the 
fringes of the Fresnel zone plate. 

For the purpose of comparing the degree of accuracy of this approximate 

model with the experimental data, a computer program was written to calculate 

Eqs. (59), (60) and (61). This program together with the computed results of 

(Xp, y^) and R in terms of n, D , D , D , S, H, 0 , and 0 are included in 
^L*n xyz oti 

Appendix D. 

Finally, when n is very large, the spacing between any two neighboring 
circular fringes can be measured to help determine the amount of displacement. 
Therefore, the following equation, deduced from Eq. (61) may be needed in this 
case, 


n , n+1 n+1 n 

- [B^ + + 4A(n - I") . (62) 

C. The Treatment of Rotations and Translations 

When a rotation-type displacement represented by m happens after a transla- 
tion of a point p(x,y) is made betwee^^ the two exposures of the hologram, the 
diagram shovjn in Fig, 2 needs to be modified. The new configuration is shown in 
Fig, 5 with the vectors t, R, f )^5 and m denoted. 
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A rotation around the x-axis with an angle O) will give rise to a dis- 


X 


placement vector D , which can be written as 

X 


D = y(cos 03 1) 1 + y sin 03 k , 

03 ^ X ^ X 

X 


(63) 


Similarly, a rotation around the y-axis of an angle 03^ will yield 


D = x(cos 03 - 1) i - x sin 03 k , 

03 y y 

y 


(64) 


and a rotation around the z--axis will produce 


D = [x(cos 03 

03 2 

2 


1) y sin 03 ] i 
2 


+ [y(cos 03-1) 


+ X sin 03^] j , 


(65) 


From Eqs , (63), (64) and (65), it may be concluded that simple rotations 
may be treated equivalently as translations and either Eq, (32) or (58) may 
used to describe the loci produced by these rotations. 

In case that the displacements are in the form of a combination of rotations 


with translations of 
written as; 


= D 

X 


i + D 

y 


j 


+ D k, 
z 


the net displacement vector may be 


D_ = B 1 + [y(cos 03 - 1) + D cos o) ] i 

D ,03 X X y % 

t X ^ 


+ [ (y + B^) 


sin 03 + D ] k , 

X * 


for B^ and w = 03 i. 
t X 


( 66 ) 
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Likewise, 


D. 


D^, 0 ) “ [x(cos 03 - 1) + D cos 0) J i 

t y y X y 


+ D j-[(x + D) sin 03 - D ] k , 

y J ^ x^ y z 


( 67 ) 


for and 03 = 03 j , and 

t y » 


= rx(cos 03 1) - y sin o) + D cos o) 

D^,o) 7. ' ^ zx z 

t z 


D sin 03 ] i 

y z 


+ Ty(cos 03 - 1) + X sin 03 + D cos 03 

^ z z y z 


+ D sin 03 1 i 
X z 


+ B k 
z 


( 68 ) 


for and o) == 03 k, 
t z 

A good approximation can be made as follows. In the region where 
X » B^, y >> B^, and z » B^ (these inequalities are generally valid almost 
everywhere since B is assumed to be extremely small), Eqs. (66), (67) and (68) 
become respectively 


= D i + y(cos lo - 1) j + (y sin oi 4- D ) k , 

t y X X X 


(59) 


= x(cos w -l)i+D j+(D-x sin w ) k , 
D^,o)y y y -J ^ z y ’ 


( 70 ) 
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and 

0 ) “ Ix(cos to^ - 1) - y sin ui^J i 

tz z 

A 

+ [y(cos 0 ) - 1) + X sin w ] j + D k , (71) 

2 2 Z 

Once again, in the calculations of the fringe loci, either Eqs. (69), 

(70) or (71) may be used with either Eq. (32), the unabridged version of the 
model, or Eq, (58), the simplified model, depending on the particular situation, 

III. EXPERIMENT 

The experimental set-up and procedure have been described in detail in a 
19 

previous report , therefore, only a brief discussion will be included. The 
realization of the CMHNDT system is shown in Fig, 6. A 10-watt CW Argon ion 
laser (Spectra Physics Model 170) is used as a major light source. Two small 
1-mW He-Ne lasers are used for the construction of two separate Michelson 
interferometers, which are used for an accurate monitor of the micrometer con- 
trolled displacement. Instead of the mock-up of the rocket in the Figure, the 
test plate is placed on a Weiser/Robodyne Model 119 micrometer translation 
stage. The smallest scale of the micrometer head has a reading of 2,54 ym. 

Small mirrors are mounted on the sides of the test plate for the construction 
of the Michelson interferometers. The test plate, translation stage and one 
of the small mirrors are shown in Fig, 7, 

The basic idea of the experimental set-up is to use an optical system 
(Michelson interferometer) to monitor a mechanical system (the test plate and 
translation stage combination) for the purpose of the calibration of the optical 
CMHNDT system. The procedure is to take double-exposure holograms with different 
incident angles, displacements of the plate and a variety of curve plates so that 
the model derived in the last Section may be tested and consequently the CMHNDT 
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(a) Side-view of the plate and the translation stage. 



(b) The small mirror is visible in the center of the plate. 


Figure 7. The test plate mounted on the translation stage. 
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system may be evaluated. Representative experimental results are presented 
below. 


The configuration of the CMHNDT system as shown in Fig, 1 is designed with 
S = 92 cm, H = 38 cm, and variable values of 6 and 6 . The dimensions / 

b H 

of the flat test plate are 13 cm x 16 cm x 2.54 cm. When 63 “ ®H “ ^3.5°, a 
sequence o£ double exposure holograms have been recorded for = 0 

and ^ 5.08, 10.16, 15.24 and 20.32 jim. The corresponding real images 

are shown as photographs in Fig. 8 . Likewise, photographs of double'* 
exposure holograms with and translations and with = 0 are shown 
in Fig. 9. 

In addition to the flat test plate, test plates with a cylindrical shape of 

radii of 20,32 cm ( 8 ’*)? 15.24 cm ( 6 ”), and 10.16 cm (4”) have also been used. 

A series of photographs of double exposure holograms with S = 66.5 cm, H = 45 cm, 

- 75®, 0^ = 75®, 60®, 45®, and 30®, and D = D = 0, D == 25.4, 38.1, 50.8, and 
H S xy z 

63.5 ym have been obtained. The results are shown in Figures 10 through 13. The 
horizontal and vertical scale on the photographs in these Figures are 2 cm/division. 

The analysis of the photographs in this Section and the comparison of the 
experimental results with theory will be given in the next Section. 

IV. COMPARISON OF THE THEORY AND THE EXPERIMENT 
From the experimental data presented in the last Section, a few special 
cases of the theory in Section II may be tested to see how valid they are. 

They are (i) Axial translations, i.e. varying or D^, (ii) Oblique transla- 
tions, i.e., varying D and D , and (iii) Incident angle effect, i.e. varying \ 

D and the angle 0^.^. In addition, the relationship between the curvature of 

X y 

the test plate and the system may also be observed through the data in 
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Figure 10 Photographs of real images of double-exposure holograms 

of flat and curve plates at different 6^ and for 0^*25.^ pm 















Figure II Photographs of real images of double-exposure holograms 
of flat and curve plates at different 0. and for D “38.1 
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Figure J2 Photographs of real images of double-exposure holograms of 
flat and curve plates at different 0 and for D =50.8 pm. 
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Figures 10-13, 
Case (i) , 


Details of the analysis are described below. 
Axial translations, lliere are two subcases^ 
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Subcase (iA) D = D - 0, D is varying: 

y z ’ X 

The typical experimental results can be represented by the photographs in 
Fig, 8. The parameters pertaining to this experiment are 


Gr = = 73.5° 

S = 92 cm 
H = 38 cm 

A = 0,5145 X 10^'^ cm , (72) 

From the first order theory, consisting of Eqs, (22), (23), and (24), the 
Spacing between any two adjacent fringes is obtained as 

to - + f)) • <«) 

For example, when D = 5.08 x 10 ^ cm and = 0.0372 (*^) , Ax = 2.72 cm was 

^ ' X S ri cm 

obtained, 

The experimental data may be obtained by dividing the width of the plate 
(13 cm) by the total number of fringes across the plate (see the top row of 
Fig, 8). For instance, when = 5,08 pm, there are approximately 4.5 fringes, 
hence Ax == 13 cm/4,5 = 2,89 cm. Following the example, Eq. (73) and the 
data in Fig, (8), Table I is established for the comparison of the theory to die 


experiment. 


1 
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Table I. 

Comparison between theory and 

Ax for D ^O.D = D = 0, 

X ^ y z 

experiment of the fringe spacing 

D. (ym) 

Jtk 

Exp , Ax ( cm) 

Th, Ax (cm) 

5.08 

2.89 

2.72 

10,16 

1.37 

1.36 

15.24 

0.87 

0.91 

20.32 

0.65 

0.68 


From the results of this case, it is obvious that there is a 
reasonable agreement between the theory and experiment. 


Subcase (iB) , = 0, is varying; 

From the theory, Eqs . (54) through (57)^ and Eq. (72) may be applied and one 
finds that C = 0 , y^^ = 0 , and 

* _ 1 /Sin 73.5° , sin 73.5°^ ^ ^ oa -.a-4 ^ 

A. = — ( 1- ^ D = 3.89 X 10 D 

(92) (38) ^ ^ 

,sin 73.5° cos 73.5° sin 73.5° cos 73.5°^ ^ 

B = (. ) D 

92 38 ^ 

= ( 2 . 96 X lO'^ - 7.77 X iO"^) D 

z 

= -4.21 X 10'’^ . 




37 


From Eq. (59) , 


x_ = -B/2A = 5.41 cm . 

Li 


( 74 ) 


In addition, by substituting n = 1 and = 12,7 iim into Eq, (61), the 
radius of the first circular fringe is found to be 




„ i X 0 . 5145 X 10 ^ 
= [(5.41)^ + 


3.49 X 10 ^ X 12.7 X 10“'^ 


, 1/2 


= 9.34 cm , 

The radii for other values of can likewise be found. The experimental data 
can be extracted from the bottom row of Fig. 8. A comparison between these data 
is listed in Table II. 


Table II. 

Comparison between the theoretical 

for R - R = 0, D 0, 

X y z 

and experimental values 

I>2 (vm) 

Exp, R^ (cm) 

Th , ( cm) 

12,7 

7,62 

9.34 

25.4 

6,02 

7.63 

38.1 

5,08 

6.97 

50,8 

4.32 

6 , 62 


Again the agreement between theory and experiment is quite close. 




Table III. 
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Table III. 

Comparison of the theoretical 

D =0 and D = 50, 8 ym, 
y z 

and experimental values 

of x^ for 

(ym) 

Exp, x^ (cm) 

Th . ( cm) 

(Exp. X|^ - 




Th . Xj^) ( cm) 

0 

9 

5.41 

3.59 

5.08 

3.81 

0.61 

3.2 

10.16 

-1.4 

-4.20 

2.8 

15.24 

-7 

-9.00 

2.0 

20.32 

-12 

-13.81 

1.81 


The above table shows a discrepanc}^ of 1.8 to 3.6 cm between the 
experimental data and their theoretical counterpart. The errors might re- 
sult from the fact that the experimental data were taken from the center of 
the plate, which may turn out to be not the true center of the coordinate 
system of the fringes. If a calibration system in the form of the flat plate is 
U8ed, this problem can be handled in a controlled manner. 

Case (iii) . The effect of the incident angle 6^ on the interference 

■ D 

fringes; In order to see the effect of the variation of 0 on the double-ernosure 
interference fringes, other parameters have been set at 0 = 75°, H = 45 cm, 

S = 66,5 cm, and = 0 ^ The displacement has values of 12.7 pm, 25.4 ym, 

38.1 ym, 50.8 ym, and 63,5 ym. Theoretical values of the fringe loci based on 
Eqs, (54) through (61) are calculated corresponding to these parameters with the 
help of a computer program as shown in Appendix D, Experimental data are obtained 
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from Fig. 10 to Fig. 13. 

The comparison between the theoretical and experimental values for the 
centers of the loci of the fringes (x^, y^) , for the flat test plate, is shown 
in Table IV. It can be seen that the centers vary as the angle 0 and D vary, 
although not of any significant degree. 

Table IV, Comparison of the centers of the loci (x ,y ) between experiment 


and 

theory for various 

0 g and 

D . 

z 

The flat plate is 

used • Other 

parameters are 6 = 75' 

H 

D = 0. 
y 

°, H = 

45 cm. 

S = 66,5 cm, D = 

X 

= 0 , and 

03 D 

D^(10“^cm) 

30° 

45° 


60° 

75^^ 

12.7 

(-0.4, 1 ) 



(- 1 . 0 , 2 ) 

(1, .3) 

25.4 

(- 1 . 2 , 1 ) 

(-0.4, 

. 2 ) 

(-1.5, 3) 

( 2 , 2 , 1 ) 

38.1 

(- 1 , 1 ) 

(- 2 . 1 , 

. 2 ) 

(0, 0.4) 

( 2 . 2 , 1 ) 

50.8 

(- 0 . 8 , 1 . 2 ) 



( 1 . 0 , 0 . 2 ) 

( 2 . 1 , 1 ) 

63.5 

(- 1 , 1 . 2 ) 

(-3.6, 

0 ) 

(1.0, -0.25) 

( 1 , 1 ) 

Theory 

(-1.62, 0 ) 

(-3.1, 

0 ) 

(-1.42, 0) 

(2.58, 0 ) 


Note 1: Experimental (Xq? y^) is 'measured from the center of the test 

plate , 

Note 2: The units are in centimeters* 
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These variations can be attributed to the fact that the experimentally measured 
coordinates of the centers have been based on the center of the test plate as 
the origin, which again may not be an exact origin. In addition, minute 
experimental uncertainties such as the possible displacements along the x- and 
y-direction during the translations along the z-direction can also cause the 
center to shift, similar to the results described in the previous cases. More- 
over, the laser light expanded by the spatial filter are not perfect spherical 
waves as assumed in the theory. 

The radii cf the loci for 6^ = 75° and the various values of D are shown 

S z 

in Table V. 

In Table V, T indicates the theoretical values, which are found from the 
output of the computer program listed in Appendix D, Two experimental data for 
each radius are presented to indicate that the loci observed are often not 
perfect circles, but are more or less of elliptical shapes. The symbol 
in the table represents the coordinate value where the locus intercepts the 
vertical axis; and H, the horizontal axis. The fact that the loci observed 
are not perfect circles may be caused also by the fact that the light source 
expanded by the spatial filter is not a perfect spherical wave as it was 
assumed in the theory. Of course, the approximation used could also contribute 
a small amount to the effect because the high order terms have been 
neglected. However, the first reason seems stronger since the tendency of the 
locus toward an elliptical shape increases as the incidence angle 6 becomes 
smaller, i,e., a more slanted incidence of the light. This point ic c3e;.r from 
the comparison of the fringes on the flat plate with different incident angles 
0g in Figs, 10, 11, 12 and 13, The blanks in the Table represent that the data 
are indeterminable from the photograph. 
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Table V. Comparison between theory and experiment for the radii of the fringe 
loci of the flat plate for 6j, = 75°, 0^^ = 75°, H = 45 cm, S = 66.5 cm. 


D •= 0 and D = 0. 


0S = 75' 


R (cm) 
n 


D (10 ^cm) 
z 


12,7 


25.4 


38.1 


50,8 


63,5 


V 
H 
T 

V 
H 
T 

V 
H 
T 

V 
H 
T 

V 
H 
T 


^1 

5,6 

6.2 

7,87 

5 

5 

5.86 

4.0 
4.4 

5.01 

3.2 

3.2 
4.52 
3 

3 

4.21 


^2 

^3 


^5 

9,2 




13.1 

16.8 

19.8 

24.4 

6,8 

8.4 



7 

8.6 



9.46 

12.0 

14.1 

16.0 

5.6 

6.6 

7.6 


6.0 

7.2 

8.4 


7.87 

9.94 

11.6 

13.1 

4.6 

5.8 

6.6 

7.6 

5 

6 

7 

7.8 

6.94 

8.70 

10,2 

11.4 

4.2 

5.0 

6.0 

6 .6 

4.4 

5.6 

6.2 

7 

6,31 

7.87 

9.17 

10.3 


V: Vertical (Expt.) 

H: Horizontal (Expt.) 

T: 


Theoretical 
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In order to demonstrate the comparison between the theory and the 
experiment in a more illuminating form, the experimental and theoretical radii 
are plotted with results shown in Figs, 14 through 16 ^ The arithmetic average 
of V and H is taken as an equivalent radius of an imagined circular locus, 
which can be compared more easily with the theoretical values. 

Similarly, when 6^ = 60°, the comparisons are shown by Table VI and 
Figures 17, 18 and 19; when 0^ = 45°, the comparisons are shown by Table VII 
and Fig, 20; 0^ = 30°, by Table VIII and Figures 21, 22 and 23. 

On close examination of the data, for each 0 , a common feature emerges , 

From Figures 14 through 16, it can be seen that the experimental *’radii” are 
consistently smaller than the theoretical radii. Figures 17 through 19 show 
smaller discrepancies between theory and experiment; Fig, 20 shows that the 
experimental data are larger than the theoretical data; and Figs, 21 through 
23 show that the theoretical data are again larger than the experimental data. 
Nevertheless, the discrepancies are in all events small. These discrepancies 
can be justifiably attributed to the fact that it is rather difficult to 
determine the fringe contrast, and hence the exact values of the radii, and 
therefore errors in the readings of the radii from the photographs 
consequently occurred. 

Finally, it should be noted that an important phenomenon concerning the 
relationship between the incident angle 0 and the surface curvature of the test 
plate is revealed by the photographs in Figs. 10 through 13. It seems that when the 
incident angle 6^ = 75°, the discrepancies between the loci of the flat 
and the plates of cylindrical shaped surfaces (the outer surfaces of the cylinders 
are used) of radii of 20,32 cm (8 in), 15.24 cm (6 in), and 10,16 cm (4 in) 
are relatively small, When the angle varies from 0^ = 75° to 6^ = 60°, 45°, 
and 30°, the discrepancies begin to increase significantly with the reduction 


O THEORETICAL DATA 
X AVERAGE EXPERIMENTAL 
DATA 

—I \ 1 _J L_ 

12.7 25.4 38.1 50.8 63.5 

Dz (lO’^cm) 


Figure 14 Comparison between the theoretical and the 

average experimental data for D versus the radius 
R] of the fringes. The parametirs are 0 =75°, 


0|^-75”, S=66-5 cm, H=45 cm, D^=0, and D^=0. 








25.4 


D7 (lO'^cm) 


Figure 15 Comparison between theory and experiment for R 
The parameters are 9c=75°j 6ij=75’’. S=66.5 cm, 
H='<5 cm, Dj^=0, and 0^=0. 
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Table VI. Comparison between theory and experiment for the radii of the 

fringe loci of the flat plate for 9„ = 60°, 0„ = 75°, H = 45 cm, 

D H 

S =66,5 cm, D =0, and D = 0 , 

X y 


R (cm) 
n 


,(io~^ 

cm) 


^2 

^3 



12.7 

V 

6.5 






H 

7 






T 

7.69 

13.2 

16.96 

20.0 

22.7 

25.4 

V 

5 

9.5 

12 




H 

6 

10.0 

12 




nn 

X 

5.53 

9.36 

12.0 

14.2 

16.1 

38.1 

V 


7.6 





H 


9.4 





T 

4.6 

7.7 

9.86 

1.16 

1.32 

50.8 

V 

4 

6 

7.5 




H 

5 

8.50 

10 




T 

4.04 

6.7 

8.6 

10.1 

11.4 

63.5 

V 

3.8 

5.8 

7 

8.6 



H 

5 

7 

9 

10 



T 

3.7 

6.0 

7,7 

9.1 

10.0 


V: Vertical (Exp.) 

H; Horizontal (Exp.) 
T; Theoretical 







Figure 18 Comparison betv/een theory and experiment for R 2 > 
v/here 0 =60° , Q=15°, S-66.S cm, H=45 cm, D =0, 

and D 4 . ^ 

y 
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Table VII. 


R 

n 

D^(10"^cm) 

12.7 V 
H 
T 

25.4 V 
H 
T 

38.1 V 
H 
T 

50.8 V 
H 
T 

63.5 V 
H. 
T 


Comparison between theory and experiment for the radii of the 
fringe loci of the flat plate for 6„ = 45°, 0„ = 75°, H = 45 cm, 

o n 

S == 66,5 cm, D =0, and D =0. 

X y 

»s - 


^1 

^2 

^3 


^5 

8.36 

13.6 

1,76 

20.8 

23.5 

7.0 





7.4 





6.30 

10.0 

12.7 

14,8 

16.8 

6.0 

8.0 




7.2 

9.6 




5.44 

8,36 

10.5 

12.3 

13.8 


4.96 

7.40 

9,22 

10.7 

12.0 

4.2 

6.4 

8.4 



5.8 

8.0 

12 



4.64 

6.76 

8.36 

9.70 

10.9 


V: Vertical (Expt.) 

H: Horizontal (Expt,) 

T: Theoretical 
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Table VIII ^ Comparison between theory and experiment for the radii of 

the fringe loci of the flat plate for 0„ = 30°, 6„ = 75°, 

D H 

H = 45 cm, S = 66.5 cm, D =0, and D =0. 

X y 


0g = 30*^ 


R (cm) 
n ^ 


' (10 ^ 
z 

cm) 

^1 

^2 




12.7 

V 

7 

11 





H 

8 

12 





T 

8.23 

14.1 

18.1 

21.4 

24.3 

25.4 

V 

4.6 

7 

9 




H 

7, 

9 

11 




T 

5,93 

10.0 

12.9 

15.2 

17.2 

38,1 

V 

3.6 

5.4 

7 

8 

9.8 


H 

4.6 

7 

8.6 




T 

4.93 

8.23 

10,5 

12.4 

14.1 

50.8 

V 

3 

4.6 

5.8 

6.8 



H 

4 

6 

7.6 




T 

4.35 

7.17 

9.17 

10,8 

12,2 

63 . 5 

V 

2.6 

4.2 

5.4 

6.2 

7.2 


H 

4 

5.8 

6.8 

7.8 



T 

3.96 

6.46 

8.23 

9.68 

10.9 


V: Vertical (Expt.) 

H: Horizontal (Expt.) 

T: Theoretical 
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(cm) 



Figure 22 Comparison betv/een theory and experiment for R 
where 0^=30°, 6m=75°, S=66.5 cm, H=45 cm, D^=0 
D =0 


, and 
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of the radius » This phenomenon showed that: (1) the approximate models are 

still reasonably satisfactory for curve plates if the angle 

^ ^ present system is being selected and, (2) if a curve 

plate or an object with a curve surface such as that of a main space shuttle 

engine is being tested, the angle should be cautiously chosen to be greater 

than or equal to 75° when 6„ = 75°. In other words, it is clear that when 

H 

both 9g = 0^ << 75°, the system is not very appropriate for the test of 
objects with curve surfaces with regard to the evaluation of the data 
because light is quite non-unif ormly reflected from the surface of these 
objects to the hologram* This is because the curve surfaces of the 
objects will unavoidably make non-uniform and reflections which are not 
accountable by the present theoretical model. 
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V. CONCLUSIONS AND SUGGESTIONS 

A detailed and quantitative evaluation of the CMHNBT system has been per- 
formed according to the tasks specified in the NASA contract NAS8-30479 between 
the Marshall Space Flight Center and the University of Alabama. The work in- 
cludes the theoretical interpretation of the double-exposure holographic 
interference fringe formation due to three-dimensional translations and rota- 
tions for this particular system. A simplified model has been derived, and 
corresponding experimental design and test of the simplified model has been 
carried out. It is found that under certain realistic conditions, the follow- 
ing theoretical predictions can be made. 

(1) For simple motions along a certain axis^ in the plane of a flat 
test object, the fringes are perpendicular to that axis, as viewed through the 
hologram, with fringe spacing inversely proportional to the amount of dis- 
placements . 

(2) For displacements normal to the plane of the test object, the 
fringe loci are concentric circles with centers determined by the system con- 
figuration; for large z-component displacement, the high-order fringes are 
similar to those of a Fresnel-zone plate. 

(3) For a combined in«-plane and out-of«plane displacement, the fringe 
loci are also concentric circles and the center of these circular fringes will 
move along the x-direction, influenced significantly by the x-component of the 
displacement, and along the y-direction, influenced greatly by the y-component 
of the displacement, where x and y are the Cartesian coordinates in the plane 
of the test plate ^ 

(4) Rotations of the surface of the test plate can be treated as 
equivalent translations and the formula -for the translation-type displacement 
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may be applied. 

Experiments have been performed to test the validity of the findings on the 
simple micrometer- controlled 3-D displacement including in-plane, out-of- 
plane, and slanted translations, which are quite accurately checked by 
Michelson interferometers. 

In addition, the effect of the incident angle (0g) variations as well as 
the variations of the curvatures of the test plate have also been studiedt 
It may be concluded from the observations of the results that for the system 
configuration employed, it is better, or even a must, to choose the incident 
angle as close to 90° (perpendicular to the object) as possible, especially 
when objects with curved front surfaces with large curvatures are being tested. 

The comparisons between the theory and the experiment have shown satis- 
factory agreements, except for a few minor discrepancies, V7hich 
can be logically explained. It is extremely difficult to locate the true 
theoretical center of the circular loci as well as the real values of the 
radii with respect to the theoretical predictions. However, since the 
discrepancies are generally small, which suggest that in the application 
of the system in the real testing environment, for the sake of a more accurate 
assessment of the displacement from the fringe loci, a calibration plate should 
be included in the CMHNDT system. The calibration system can simply be the flat 
test plate and the translation stage used in this study. It may be placed in a 
convenient position close to but separated from the object being tested, For 
every double-exposure hologram, the calibration plate will make independent 
and accurately controlled displacement while the object under test is under- 
going a specific loading process, When the data from the hologram are taken, 
a comparison between theory and experiment with calibration can be made to 
determine the displacement due to the flaws in the object being tested. 
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Finally it is suggested that the newly advanced techniques of speckle 
holography and photography be studied, and the feasibility of the incorporation 
of these techniques into the already well'-studied QIHNDT system be explored. 

The advantage of this work is to enhance the stability of the system, reduce 
the stringent equipment requirement, and therefore make the CMHNDT system 
more flexible in a real testing environment. 
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Appendix A 

Derivation of Eg, (25) 


MALp H - (41,^)^^ 


Zi {i 
.3 ^2 


{- [2(t . S) - (D . t) - t*"] X I(D . S) - (D • t) - ^] 


+ I I(D . S) - ~ (i) • t)J} 


H 


li {i. 

3 ^2 


{j 12 (t . H) - (D ■ t) - t^] X [(D ' H) - (D • t) - ~] 


K , 1 . ]A 

rv . \ ^ 


+ -i I(D . H) ^ |-n-(D • t)]} 


-1 


3 {(t • S)(.b . S) - (t • S) [(b • t) + — ] - (D • t)[(b • S) - ^] 


2 

+ Y (D . t)^ - I t^[(D • S) - (b • t). - |-]} 


1 -.1 


3 {(t . H)(D • H) - (t • H)[(b • t) + Y~] - (b • t)](D . H) - Y“J 


+ 2 (D . t) - I t^[ (D • H) - (D • t) - |-] } 


- ^ (t • S) (b • S) - \ (t • H) (b . H) + [t * [(b • t) + 

S-^ H S-^ h"* 2 


-A -V 


+ (D . t) [D . (-^ + ^) - + 1 ^) |-J _ I [1 + 1 ] (D . b )2 

S H S H ^ S-^ R-^ 


- V A 


+ Y ID ' (^ + \) - c\ + - 3 )(b • t) -i (l- + i-)D 2 ] 

S-^ S-^ H-^ 2 r 3 
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S-^ r 2 s^ r 2 S^ 


i (3 + 3HD • t)^+ [(3 + 3) • t](D . t)} 

S H S H 


.». A. 


{[(3 + 3) 3 - I) . (^ + I-)] (D . t) - |^(-^ + 3) • t 
S-^ H-^ ^ S H-^ ^ 


+ \ (S • D) (S • t) + \ (H • D) (H • t) } . 

S-^ 


( 25 ) 
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If D 
5 (AL 2 


Appendix B 

Second-Order Contribution of to 6 (AL 2 ) 


i, then Eq, (25) becomes 


S H 


,,1 „ , °S \ 1 ,1 1 , 2 , , 2 2 , 

■*■ "2 — ;2“ + - 2 <3 + ;j> “x + y > 

o U bn 


JL 4. i_\ r« 2 2 4. r> -\ 

2 ^ 3 .,3^ °x ^ _2 ^ 2 ^ °x^ ^ 

b n b n 


„ "COS 0 cos 0 

- V— ^ + 


D -cos 0„ cos 0„ 

X / S . 

( — + ^5 — ) X 


2 2 
S 
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+ I (D^ cos^ 0 g)x + I (D^ cos^ 0 g)x} 


r 1 ,lsn/2. 2. 

= {- 3 - (-V + ~o) D (x + y )x 

z j J X 


-cos 0 cos 0 29 

+ D ( ^ + - (^3 + - 3 )d/]x^ 

Z X gZ ^Z gj X 


4 . ,1 „ r°°° °s ^ °°° V 14,, i_,„ 2 , 2 , 
h “x^ 2 ''' 2 ' “ 2 ^ 3 „3^”x ^ 

b n bn 

2 2 

^ « cos 6 „ cos 0 ..J cos cos 

- '>^x I" + I <--2-^ - — 2^>J + =>x<-T-^ - 

b n 


I 


If D = D 

fiCAL^) = 

+ 

+ 
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Appendix C 

Second-Order Contribution of D to 6 (AL«) 

y ^ 


j, then Eq, (25) becomes 


- j (-^ + -3) (D y) + y^) 

s-^ H ^ 


-D T , T , „ „ -X cos e X cos V 

{_^ (1 + 1 ) (^2 + y2) - i (^ + V + ( ^ + ^)D y} 

^ S H S H ^ S H 


D -cos cos 0^. 

{-f- ( ^+— ^)x} 

S H 


1,1 1 / 2 ^ 2 . 
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r °y A . 1 ^ 2 , ^ 2 . 2 ^ 2 ^. 2 

^2 ^g3 + °y ^^3 °y^ ^2 


COS 0 


H 


)xy] 


H 


D r^cos 0 COS 0„ 

i- ( 2^ + 

S H 
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Appendix D 

The Computer Program 

This computer program is designed for the computation of the fringe loci 
based on the simple model as given by Eq. (59), (60) and (61) in the main text 
of the report. Output shows the fringe spacing, center's location and radii 


of the fringes , 
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